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I. INTRODUCTION
The time evolution of the entanglement entropy plays a crucial role in the understanding of the non-equilibrium dynamics of isolated quantum systems, in particular for quantum quenches in many body systems. Indeed, the growth of the entanglement entropy in time has been related to the efficiency of tensor network algorithms [1] [2] [3] [4] such as the time dependent density matrix renormalisation group (tDMRG). Furthermore, the extensive value (in subsystem size) reached by the entanglement entropy at long time has been understood as the thermodynamic entropy of the ensemble describing stationary local properties of the system [5] [6] [7] [8] [9] [10] [11] [12] and related to other thermodynamic entropy definitions [6, [13] [14] [15] [16] [17] [18] [19] [20] [21] .
In a quantum quench [22] [23] [24] [25] , a many-body system is initially prepared in a low-entanglement state |Ψ 0 and is let evolve with a many-body Hamiltonian H such that [H, |Ψ 0 Ψ 0 |] = 0. In this protocol, the entire system is in a pure state at any time, but the reduced density matrix of an arbitrary finite compact subsystem attains a long time limit that can be described by a statistical ensemble (see, e.g., Ref. [25] ). Thus, at asymptotically long times, all local physical observables relax to stationary values. The properties of the reduced density matrix are captured by a Gibbs (thermal) ensemble for generic systems [26] [27] [28] [29] [30] [31] and by a generalised Gibbs ensemble (GGE) for integrable systems .
In one-dimensional systems, the entanglement entropy after a global quantum quench has been found [8] [9] [10] ] to generically grow linearly in time up to a point (linear in subsystem size) when a saturation regime to an extensive value takes place. This time evolution of the von Neumann entanglement entropy for a generic integrable system may be fully understood in terms of a semiclassical quasiparticle picture [61] for the spreading of the entanglement, complemented with the Bethe ansatz knowledge of the stationary state, as shown in [8] . These ideas have been first developed for the time evolution after a quantum quench in integrable models [8] , but later they have been generalised to other situations as, e.g., in Refs. [84] [85] [86] [87] [88] [89] [90] . However, in spite of its great success, this approach hardly generalises to other entanglement estimators and in particular to the Rényi entanglement entropies defined as
in terms of the RDM ρ A of the considered subsystem A. The Rényi entropies are very important physical quantities for several reasons. First, their knowledge for different values of the index α gives access to the entire spectrum of the density matrix (see e.g. [91] ). Since in the limit α → 1 one has S (α) [ρ A ] → S[ρ A ] ≡ −Trρ A ln ρ A , they represent the essence of the replica approach to the entanglement entropy [92] . While the replica method was originally introduced as a theoretical analytic tool to deal with the complexity of ρ A [92] , it has become a fundamental concept to access the entanglement entropy in numerical approaches based on Monte Carlo simulations [93] and also in real experiments [94, 95] : Rényi entanglement entropies (for α = 2) have been measured experimentally with cold atoms, both in equilibrium [96] and after a quantum quench [11] . Unfortunately, only for non-interacting systems we know how to generalise the quasiparticle picture for the spreading of the entanglement to the Rényi entropies (see, e.g., [78, 97] ). For interacting integrable models, the Thermodynamic Bethe Ansatz (TBA) approach to quantum quenches (overlap TBA or Quench Action method [98, 99] ) has been adapted in [97] to the calculation of the stationary value of the Rényi entropies for both the diagonal and GGE ensembles. Within this approach, in the thermodynamic limit, S (α) is given as a generalised free energy over a saddle point eigenstate (representative eigenstate or thermodynamic macrostate) which is not the one corresponding to the stationary state describing local observables and von Neumann entropy, as we shall review later. It turns out that this shifting of the saddle point is the main obstacle toward a quantitative semiclassical formula for the time evolution of the Rényi entanglement entropies whose large time limit is provided by the GGE value.
This general approach, so far has been used for the calculation of the Rényi entropies only for the quench from the Néel state in the XXZ spin-chain [97, 100] , finding a very interesting α and ∆ dependence. The goal of this manuscript is twofold. On the one hand, we will apply the approach of Refs. [97, 100] to the calculation of the stationary Rényi entropies after the quench from other initial states, a problem per se of high interest. On the other hand, this approach strongly depends on the knowledge of the overlaps between the initial state and the Bethe states. These are known in many cases, but the GGE can be also constructed in a simpler way from the conservation of all local and quasilocal charges [50, 58] . In particular until very recently, for many initial states (i.e. tilted Néel and tilted ferromagnet) in the quench in XXZ spin-chain, stationary values were known only by means of the latter method [101] . For this reason, we developed a hybrid numerical/analytic method to get exact predictions for the Rényi entropies which does not require an a-priori knowledge of the overlaps and apply it to the prototypical case of tilted Néel states. However, after the completion of our calculations, a manuscript appeared [102] providing a conjecture for the overlaps also in this case. These served as a test of the validity of our method and did not alter the logic of the calculation which was a proof of concepts about the construction of Rényi entropies without knowing the overlaps.
The paper is organised as follows. In Sec. II we introduce the XXZ spin-chain and review its Bethe ansatz solution. In Sec. III we first review the TBA approach for the Rényi entropies [97] , work out some major simplifications on the known expressions, and finally we apply this machinery to the quench from the dimer state, working out explicitly a two limits (∆ → ∞ and α → ∞) that can be handled analytically. In Sec. IV we show how to calculate the Rényi entropies for generic macrostates and we apply this machinery to the explicit case of the tilted Néel state, finding several interesting new results. In Sec. V we test, by means of extensive tDMRG simulations, that the thermodynamic Rényi entropies agree with the long time limit of the entanglement entropies. Finally in Sec. VI we summarise our findings and discuss open problems.
II. THE XXZ MODEL AND ITS BETHE ANSATZ SOLUTION
In this work we consider quantum quenches in the spin-1/2 one-dimensional anisotropic Heisenberg model (XXZ spin chain) with Hamiltonian
where σ
x,y,z j are the Pauli matrices and ∆ is the anisotropy parameter. We focus on the antiferromagnetic gapped phase for ∆ > 1. Periodic boundary conditions are imposed by choosing σ . This means that [T , H] = 0, where T is the one-site translation operator. In the following, we will consider quantum quenches from the Majumdar-Ghosh (dimer) state and from the tilted Néel state. The dimer state is defined as
To take advantage of the translational invariance of the XXZ chain, we will consider the translation invariant version of the dimer state, which is given as
where T is the one-site translation operator. Indeed, the stationary states for the quench from the dimer state (II.2) and from its translational invariant version (II.3) are the same, but the time evolution is clearly different [49] . We also consider quenches from the tilted Néel state defined as
Here θ is the tilting angle. The tilted Néel state is obtained by applying the global rotation operator to the translational invariant version of the Néel state |N ≡ | ↑↓ · · · as
T , or, equivalently with fixed number N of down spins. Here we follow the standard Bethe ansatz framework referring to down spins as particles. The eigenstates of the XXZ chain are easily constructed starting from the ferromagnetic state, i.e., the state with all the spins up | ↑↑ · · · . The Bethe ansatz expression for the generic eigenstate in the sector with N down spins reads
where σ − i is the spin-1/2 lowering operator. Here the sum is over the positions n i of the particles. The amplitudes ψ(n 1 , n 2 , . . . , n N ) read
where η ≡ arcosh(∆), and the sum is now over the permutations P of the indices j ∈ [1, N ]. The overall amplitude A(P ) is given as
The state is then specified by a set of N rapidities λ j that play the same role of the quasimomenta in free models. The total energy of the eigenstate is obtained by summing independently the contributions of each particle, to obtain
In order for (II.6) to be an eigenstate of the XXZ chain, the rapidities have to be solutions of the Bethe equations [103] 
Each independent set of solutions {λ j } N j=1 identifies a different eigenstate of the XXZ chain. A distinctive property of the XXZ model, which underlies its integrability, is the existence of an infinite number of pairwise commuting local and quasilocal conserved quantities (charges) [104] 
Here T s (λ) is the transfer matrix of the XXZ model with an s-dimensional auxiliary space. The dimension s of the auxiliary space can be any positive integer or half-integer. In fact, choosing s = 1/2 yields the usual transfer matrix of the six-vertex model [105] . The corresponding charges Q
1/2 are local, which means they are of the sum of operators that act non-trivially at most at m (j) sites, where m (j) is an integer depending on j. For example, the charge Q
has m (2) = 2 and it is proportional to the system Hamiltonian (II.1). On the other hand, there is no such limit on the size of the terms in the charges Q (j) s when s > 1/2. These charges, called quasilocal charges, are crucial to correctly describe the steady state arising after a quantum quench in integrable models [50] .
Since the charges (II.11) commute with the Hamiltonian (II.1), all of them are diagonal in the basis of Bethe ansatz eigenstates (II.6)-(II.10). The corresponding eigenvalues are given as [104] 
where o(L) indicates terms that are either zero (in the case of local charges with s = 1/2) or vanish in the thermodynamic limit (in the case of quasilocal charges with s > 1/2).
B. Thermodynamic Bethe Ansatz (TBA)
In this paper we are interested in the thermodynamic limit L, N → ∞, with the ratio N/L (i.e., the particle density) fixed. The solutions of the Bethe equations (II.10) are in general complex. However, a remarkable feature of the Bethe equations is that in the thermodynamic limit their solutions are organised into strings, i.e., multiplets of solutions having the same real part, but different imaginary components. This is the famous string hypothesis [103] . Precisely, the generic structure of a string multiplet reads
Here n is the string length, i.e., the number of solutions with the same real part, α labels the different strings of the same size n, and j labels the different components within the same string multiplet. The real number λ α n is called string center. The string hypothesis holds only in the thermodynamic limit: for finite chains, string deviations (denoted as δ α n,j in (II.13)) are present, but for thermodynamically relevant states, they vanish exponentially in L. In the thermodynamic limit the string centers become dense on the real axis. Thus, instead of working with individual eigenstates, it is convenient to describe the thermodynamic quantities by introducing the densities ρ n (λ), one for each string type n. ρ n (λ) are the densities of string centers on the real line. Similarly, one can introduce the densities of holes ρ h,n (λ), which is the density of unoccupied string centers, and the total density (density of states) ρ t,n (λ) ≡ ρ n (λ) + ρ h,n (λ). Each set of particle and hole densities identify a thermodynamic macrostate of the XXZ chain. Moreover, a given set of densities ρ n (λ) corresponds to an exponentially large (with L and N ) number of microscopic eigenstates. The rapidities identifying all these eigenstates converge in the thermodynamic limit to the same set of densities. The logarithm of the number of thermodynamically equivalent eigenstates is given by the Yang-Yang entropy [106] 
(II.14)
The Yang-Yang entropy is extensive, and its density is obtained by summing independently the contributions of the different rapidities and string types n. The only constraint that a legitimate set of densities has to satisfy is given by the continuum limit of the Bethe equations, which are called Bethe-Gaudin-Takahashi (BGT) equations [103] ρ t,n = a n −
where we defined
In (II.15), A nm are the scattering phases between the bound states, defined as 17) and the star symbol denotes the convolution
Importantly, a standard trick in Bethe ansatz allows one to simplify (II.15) obtaining a system of partially decoupled integral equations as [103] ρ t,n = s (ρ h,n−1 + ρ h,n+1 ) (n = 1, 2, . . . ), (II.19) where, for the sake of simplicity, we defined ρ h,0 (λ) ≡ δ(λ), and we introduced s(λ) as
The partially decoupled system is typically easier to solve numerically than (II.15).
In the thermodynamic limit, the eigenvalues of the conserved quantities Q (j) s (II.12) can be written in terms of the densities ρ n as
s is the same as in (II.12).
III. TBA APPROACH FOR THE STATIONARY RÉNYI ENTROPIES
In this section we summarise the recently developed TBA approach to compute Rényi entropies in the steady state at long time after a quantum quench [97, 100] . In integrable models, the steady-state can be characterised in terms of the initial-state expectation value of the infinite set of local and quasilocal conserved charges (II.11). These conserved quantities are key to construct the GGE that describes local and quasilocal observables in the steady state. The density matrix of the GGE is
where Q s |Ψ 0 . Similarly to the standard (thermal) TBA, local and quasilocal properties of the steady state are fully encoded in an appropriate thermodynamic macrostate [98, 99] , which is fully characterised by a set of densities ρ n and ρ h,n .
The GGE Rényi entropies are by definition
After plugging (III.1) into (III.2), the Renyi entropies read
We now review the TBA approach to calculate the GGE Rényi entropies. First, the trace over the eigenstates in (III.3) in the thermodynamic limit is replaced by a functional integral over the TBA densities ρ n as
where we defined D[ρ] ≡ n Dρ n (λ). In Eq. (III.4) the Yang-Yang entropy takes into account that there is an exponentially large (with system size) number of microscopic eigenstates corresponding to the same thermodynamic state. The Rényi entropies (III.3) are then given by the functional integral [97, 100] 
Here we introduce the pseudoenergy E[ρ] as
where q .) The quantity f GGE is the GGE grand canonical potential defined as
Following the standard TBA treatment [103] , the functional integral in (III.5) can be evaluated using the saddlepoint method [97, 100] because both S Y Y and E are extensive. Formally, this corresponds to minimising with respect to ρ n the functional S (α) GGE defined as
(III.8)
Notice in (III.8) the explicit dependence on the Rényi index α. For α = 1, Eq. (III.8) provides the macrostate that describes local and quasilocal properties of the steady state [98, 99] and the von Neumann entropy [8] . The minimisation procedure gives a set of coupled integral equations for the macrostate densities ρ
n . These are conveniently written in terms of a set of functions η
n (λ), where α is the index of the Renyi entropy. Specifically, the saddle point condition on (III.8) yields the equations ln η
where A nm (λ) is defined in (II.17), and the TBA driving function g n (λ) is defined as
Here q (j) s,n (λ) are the functions expressing the eigenvalues of (quasi)local charges as in (II.21). Similarly to the standard TBA [103] , it is possible to partially decouple the system of integral equations (III.9), obtaining ln η
with the source terms d n being defined as
This set of equations is easier to solve numerically than (III.9) because they contain fewer convolutions. Once the solutions η
n (λ) are determined, the particle densities ρ (α) n are obtained by using the thermodynamic Bethe equations (II.19). Finally, the GGE Renyi entropy (III.3) is obtained by evaluating (III.5) on the densities ρ
where E[ρ] and S YY [ρ] are functionals of the string densities defined in (III.6) and (II.14), and f GGE is the grand canonical potential (III.7). Note that f GGE is calculated over the macrostate ρ
n , i.e., with α = 1; for all the quenches that can be treated with the Quench Action method one has f GGE = 0, due to the normalisation of the overlaps.
Once again, we stress that the thermodynamic macrostate describing the Rényi entropies is not the same as that characterising the local observables, or the von Neumann entropy, and it depends on α. This has the intriguing consequence that different Rényi entropies, in principle, contain information about different regions of the spectrum of the post-quench Hamiltonian. This difference does not come as a surprise when considering the thermodynamic entropies. However, the thermodynamic entropies are the same as the entanglement entropies of a subsystem that is large in itself but a vanishing fraction of the whole system. Therefore the difference is very puzzling because entanglement entropies are all calculated from the same quantum mechanical wavefunction.
A technical remark is now in order. Although the procedure to extract the Rényi entropies that we outlined so far is legitimate, a crucial ingredient is the set of infinitely many Lagrange multipliers β (j) s entering in (III.10) and in the driving functions g n (cf. (III.10)). In principle, they are fixed by requiring that the GGE averages of the local and quasilocal conserved quantities Q (j) s equal their expectation values over the initial state. However, this is a formidable task that cannot be carried out in practice. As of now, it is possible to overcome this difficulty in two ways. One is to use the Quench Action method [98, 99] , as discussed below. The other way, based on the analytical solution of the GGE saddle point equations, will be described in Section IV. The Quench Action gives access to the thermodynamic macrostate describing local and quasilocal observables (and the thermodynamic entropy) in the stationary state at long times. Crucially, the Quench Action allows one to extract the driving functions g n without relying on the knowledge of the β (j) s . The key ingredients are the overlaps between the initial state and all the eigenstates of the post-quench Hamiltonian, although a subset of the thermodynamically relevant overlaps may be sufficient (see [107] [108] [109] ). Crucially, for a large class of initial states the overlaps can be calculated analytically [102, [110] [111] [112] [113] [114] [115] [116] [117] [118] [119] [120] [121] [122] [123] [124] . Overlap calculations are possible also for systems in the continuum, such as the Lieb-Liniger gas. For example, in Refs. [113] [114] [115] , the overlaps between the Bose condensate (BEC) state and the eigenstates of the Lieb-Liniger model with both repulsive and attractive interactions, have been calculated and used in [114, 125] to study their dynamics. The information about the driving functions was crucial in Ref. [100] to obtain the steady-state value of the Rényi entropies after the quench from the Néel state. Interestingly, all the initial states for which it has been possible to calculate the overlaps in interacting models are reflection symmetric. The defining property of reflection-symmetric states is that they have nonzero overlap only with parity-invariant eigenstates, which correspond to solutions of the Bethe equations that contain only pairs of rapidities with opposite sign, i.e., such that
. Indeed, the importance of parity-invariance for the solvability of quantum quenches has been explored in Ref. [126] for integrable lattice models and in Ref. [127] for integrable field theories. However, some non reflection symmetric initial states for which the Quench Action method can be applied have been found in the Hubbard chain in the infinite repulsion limit in Ref. [124] .
A. A simplified expression for the Rényi entropies
The GGE Rényi entropy as expressed in (III.13) are functionals of an infinite set of densities ρ n (λ). In this section we show that it is possible to simplify (III.13) writing the Rényi entropies only in terms of η (α) 1 . A formula similar to the one we are going to derive is known for the Gibbs (thermal) free energy since many years [103] .
The first step in this derivation is to rewrite (III.13) as
(III.14)
The function αg n (λ) can be obtained from Eq. (III.9), whereas ρ (α) h,n (λ) can be obtained from the BGT equations in (II.15). After some algebra this yields
The infinite sum in (III.15) can be further simplified by considering the first of the saddle point equations in (III.9)
One then has to multiply (III.16) by s(λ) (cf. (II.20)) and integrate over λ. Finally, after some manipulations (identical to those appearing in Ref. [107] ), one obtains
The right-hand side of (III.17) is precisely the first term in the square brackets in (III.15). Plugging (III.17) into (III.15), one obtains the simplified formula for the Rényi entropy as which is our final result depending only on η
An important remark is that while (III.18) depends only on one rapidity density, it is still necessary to solve the full set of TBA equations (III.9) in order to determine η In this section we employ the TBA approach described above to calculate the Rényi entropies after the quench from the dimer state, generalising the results of Ref. [100] for the quench from the Néel state. For the dimer state, the overlaps are analytically known [108, 112] and hence the Quench Action provides the driving functions g n as [108] 
where ϑ (x) are the Jacobi ϑ-functions with nome e −2η .
The strategy to calculate the Rényi entropies is to use the driving function g n in the TBA equations for η n , the GGE Rényi entropies are obtained from (III.18). Obviously, the term f GGE has to be evaluated using the density ρ As expected, one has that for any ∆, S (α) < S (α ) if α > α . For completeness we report the result for α → 1. An interesting observation is that the Rényi entropies do not vanish in the Ising limit for ∆ → ∞. This is in contrast with what happens for the quench from the Néel state, for which the steady-state entropies at ∆ → ∞ vanish. The reason is that the Néel state becomes the ground state of the XXZ chain in that limit, and there is no dynamics after the quench. In some limiting cases it is possible to derive closed analytic formulas for the post-quench stationary Rényi entropy: in the following, we will provide analytical results in the Ising limit ∆ → ∞ and for the min entropy, i.e., the limit α → ∞.
C. Expansion of Rényi entropies in the Ising limit
In this section we perform an expansion of the steady-state Rényi entropies in the large ∆ limit, by closely following the procedure introduced in [107] . A similar expansion for the Rényi entropies after the quench from the Néel state has been carried out in [97] . In that case, the ∆ → ∞ limit is very special, since the Néel state becomes the ground state of the model, and there is no dynamics. The quench from the dimer state is more generic, because the dimer state is never an eigenstate of the chain, and consequently the post-quench dynamics is nontrivial, implying that the stationary value of the Rényi entropy is nonzero also for ∆ → ∞. We anticipate that in the Ising limit the Rényi entropies have the same form as for free-fermion models [97] , but deviations from the free-fermion result appear already at the first non trivial order in 1/∆.
In the following we obtain the steady-state Rényi entropies as a power series in the variable z ≡ e −η with η = arccosh(∆). Following [100] , we use the ansatz for η
Here the exponents β n (α), the functions Φ n,0 have to be determined by plugging the ansatz (III.21) into the TBA equations (III.11). We also need the expansion of the driving functions d n around z = 0:
The expansion of the kernel s(λ) appearing in (III.11) is
After plugging the ansatz (III.21) into (III.11), and considering the leading order in powers of z, one can fix the exponents β n . By treating separately the cases of even and odd n in (III.22), one finds
This choice is not unique, but it is the only one that is consistent with the BGT equations (II.19), see [107] . The leading order in z of (III.11) fixes the functions η n,0 (λ) as
where the constant c(α) is given as
In the limit α → 1, one has c(1) = ln 4. Interestingly, Eq. (III.25) shows that for n odd, η (α) n is a regular function for any value of λ, whereas for even n it diverges for λ = ±π/2. This is a striking difference compared to the quench from the Néel state, for which η (α) n diverges in the limit λ → 0 for even n (see Ref. [100] ), whereas it is regular for odd n. Also, at the leading order in z, one has that Φ (α) n = 0. By combining the results in (III.25) and (III.24) with the TBA equations (II.19), the leading order of the rapidity densities ρ (1 + 4 cos(2λ) z) + O(z min(2,2α) ), (III.27)
Notice that for any α, only ρ (α) n and ρ (α) t,n with n ≤ 2 remain finite in the limit z → 0, whereas all densities with n > 2 vanish. This is different from the Néel state, for which only the densities with n = 1 are finite [100] . Physically, this is expected because in the dimer state only components with at most two aligned spins can be present. Furthermore, the leading order of ρ (α) t,n in (III.27)-(III.29) does not depend on the Rényi index α. Finally, in the limit z → 0, the densities become constant, similar to free-fermion models. This suggests that in the limit z → 0 the form of the Rényi entropies may be similar to that of free models, as we are going to show in the following.
It is now straightforward to derive the leading behaviour of the Rényi entropies for any α in the limit z → 0. First, we obtain the expansion of the driving functions g n (III.19) as
The contributions of g n for n > 2 are subleading for z → 0 and may be neglected. Using the expansions (III.30) (III.31), the leading order of the densities in (III.27)-(III.29), and (III.25), one obtains the z → 0 limit of E (cf. (III.6)) as
The two terms in the right-hand-side of (III.32) are the contributions of the densities with n = 1 and n = 2. Similarly, the z → 0 limit of the Yang-Yang entropy (II.14) is obtained as
Plugging Eq. (III.32)-(III.33) into the definition of the Rényi entropies (III.2), one obtains at the leading order in z
Eq. (III.34) shows that for any α the Rényi entropies are not vanishing in the limit z → 0. The Rényi entropy obtained from (III.34) are plotted in Fig. 2 as a function of the Rényi index α. Like for finite ∆, the Rényi entropies are monotonically decreasing functions of α. For some values of α the integrals in (III.34) can be computed analytically. For instance, for the max entropy, i.e., in the limit α → 0, one obtains S (0) /L = ln(2)/2: since the max entropy is twice the logarithm of the total number of eigenstates that have nonzero overlap with the initial state [97] , we have that that this number is ∝ e L/2 (which is the same result for the quench from the Néel state [100] ). For the min entropy we have S (∞) /L = ln(2) − 2G/π, where G is the Catalan constant. Some other analytical results are reported in the Figure. It is relatively easy to obtain the higher-order corrections in powers of z for any fixed α. Instead, it is rather cumbersome to carry out the expansion for general real α. Therefore, here we only show the explicit calculation for the case α = 2. Specifically, we determine S (2) up to O(z 2 ). For convenience, instead of η (α) n we consider the filling functions ϑ n ≡ 1/(1 + η n ), where we suppressed the dependence on α, because we consider α = 2. The derivation of the higher-order expansion for the filling functions is the same as in Ref.
[100] and we will omit it. The idea is that one has to plug the ansatz (III.21) into the equations for η n (cf. (III.11)) solving the system order by order in powers of z. Similar to the Néel quench, we observe that the system (III.11) contains an infinite set of equations (one for each string type). However, to obtain the filling functions up to terms O(z ω ), only the first m(ω) ∼ ω equations matter because the leading order of higher strings is given by higher orders in powers of z. The expansion of the filling functions ϑ n around z = 0 reads
A similar procedure for the TBA equations for the particle densities (cf. (II.19)) gives Thus, putting the various pieces together, the second Rényi entropy S (2) is given as
Eq. (III.42) implies that the asymptotic value of S (2) for ∆ → ∞ is approached as 1/∆.
D. A tempting but wrong conjecture
It is tempting to investigate the structure of Eq. (III.34) which has the same structure as the Rényi entropy of free-fermion models, written usually as
where ϑ(k) are now the free-fermion occupation numbers identifying the macrostate. Eq. (III.43) is the same as (III.34) after defining ϑ(k) = 1/(1 + tan 2 (k)). Also, the factor 1/(2π) in (III.34) is the fermionic total density of states ρ t = 1/(2π). A natural question is whether the free-fermion formula (III.43) holds true beyond the leading order in z. For instance, it is interesting to check whether (III.42) can be written in the free-fermion form (III.43). However, as the XXZ chain is interacting, Eq. (III.43) requires some generalisation. First, as there are different families of strings it is natural to sum over the string content of the macrostate. Moreover, in contrast with free fermions, for Bethe ansatz solvable models the total density of states ρ t is not constant, but it depends on the string type. The most natural generalisation of the free-fermion formula (III.43) would be
Eq. (III.44) is the same as the free-fermion formula (III.43) except for the overall term ρ t,n in the integrand, which takes into account that for interacting models the density of states is not constant. In Eq. (III.44), the filling functions are given in (III.35)-(III.37). Unfortunately, Eq. (III.44) does not give the correct value for the steady-state Rényi entropies. A very simple counterexample is provided by the standard Gibbs ensemble at infinite temperature. For the XXZ chain the macrostate describing this ensemble can be derived using the standard TBA approach (see [103] ). In particular, for the XXX chain the exact infinite temperature Rényi entropies can be worked out analytically: they become equal and their density is S (α) = L ln 2 for any α. However, by using the analytical expression [103] for the infinite-temperature filling functions ϑ n for the XXX chain in Eq. (III.44), one can verify that S (2) /L = ln 2. Still, since the free-fermion formula (III.44) holds true exactly at ∆ → ∞ (cf. (III.42) ), it is natural to wonder at which order in 1/∆ (equivalently in z) it breaks down. By using Eq. (III.38)-(III.40) and (III.35)-(III.37) in (III.44), one can check that ρ t,2 (cf. Eq. (III.39)) gives rise to an O(z) term in the entropy, which is absent in (III.42). This shows that (III.44) breaks down already at the first nontrivial order beyond the Ising limit.
E. The min entropy
In this section we discuss the Rényi entropy in the limit α → ∞ also known as min entropy, for which analytical results are obtainable. The analysis of the min entropy after the dimer quench is similar to that for the Néel quench [100] . In the following we remove the dependence on α in the saddle point densities to simplify the notation. After defining the functions γ n = ln(η n )/α, the α → ∞ limit of the saddle-point equations (III.11) yields
where γ + n = (γ n + |γ n |)/2. Some insights on the structure of the solutions of (III.45) can be obtained by looking at the limit ∆ → ∞. Precisely, from Eq. (III.25) one has that η n → 0 for even n in the limit α → ∞. On the other hand, one has that η n diverges for odd n for λ ∈ [−π/4, π/4], which implies ln η n = αd n for n odd in that interval. Thus we have that at large ∆, γ 2n (λ) < 0 and γ 2n+1 (λ) = d 2n+1 (λ). As a consequence, the filling functions ϑ n become ϑ 2n (λ) = lim where Θ H (x) is the Heaviside step function. The associated total densities are obtained using the BGT equations as
These results imply that the min entropy is completely determined by the first two densities with n = 1 and n = 2, in contrast with the quench from the Néel state [100] , where only the first density enters in the expression for S (∞) . To derive the general expression for the min entropy, a crucial preliminary observation is that the macrostate describing S (∞) has zero Yang-Yang entropy. This is a general result that holds for quenches from arbitrary states. Indeed, first we notice that the ansatz η n = e αγn implies that, in the limit α → ∞, ϑ n can be only zero or one. Then, assuming that ρ t,n is finite, the Yang-Yang entropy
(III.51) must vanish in the limit α → ∞. Consequently the S
GGE is determined only by the driving functions as
Interestingly, in the large ∆ limit Eq. (III.52) simplifies. Specifically, only the first two strings with n = 1, 2 contribute in (III.52), as it is clear from (III.50). Upon lowering ∆, we observe a sharp transition in the behaviour of S (∞) . Indeed, there is a "critical" value ∆ * , such that for ∆ < ∆ * , higher-order strings become important. The condition that determines ∆ * is that γ 2 becomes positive, i.e., that for some λ
The value of ∆ * can be found by numerically by imposing equality in (III.53) and the final result is ∆ * ≈ 1.7669. This is the same value of ∆ * found for the quench from the Néel state [100] , although the condition for higher strings to contribute for the Néel state (i.e. d 1 + 2s d 2 ≥ 0) may appear different. This, however, is equivalent to (III.53) after noticing that d
Finally, in contrast with the large ∆ limit, for ∆ < ∆ * , an analytical solution of (III.45) is not possible. However, the system (III.45) can be effectively solved numerically. The result for S (∞) is reported in Figure 1 (bottom line).
IV. RÉNYI ENTROPIES OF GENERIC THERMODYNAMIC MACROSTATES
In this section we show how to generalise the approach of Ref. [97] for the calculation of Rényi entropies in the case when the overlaps of a given initial state are not known. In this case, we just know the rapidity densities of the macrostate, e.g. from the generalised Gibbs ensemble construction [50, 101] . The key idea is embarassing simple: using the TBA equations (cf. (III.9) for α = 1)
we can extract the numerical values of the driving functions g n (λ) from the saddle point solutions η n (λ). Once the driving functions are numerically known, it is straightforward to use them in the formalism of Ref. [97] to obtain the steady-state Rényi entropies, as explained in the previous sections. Notice that this procedure does not only apply to stationary states after a quench, but can be used for generic Bethe states with arbitrary root densities, independently of where they come from. Furthermore, for quench problems, this procedure can be used to reconstruct the extensive part of the overlaps and hence to help in conjecturing the entire overlap function at finite size.
To illustrate the validity of the approach, in the following subsections we provide exact results for the Rényi entropies after the quench from the tilted Néel state in the XXZ chain. For this family of quenches, the thermodynamic macrostates describing the post-quench steady states have been calculated in Ref. [101] from the GGE. Only very recently (and after most of this paper was completed) the overlaps of these states with the Bethe ones have been conjectured in Ref. [102] . Consequently, the results presented in the following, not only are a physical relevant application of these ideas but also provide a further confirmation about the validity of the conjecture itself. Finally, we mention that if these ideas would have been developed earlier, they could have speed up the formulation of the conjecture in [102] .
A. Quench from the tilted Néel: Extracting the driving
Here we numerically extract the driving functions g n (λ) for the quench from the tilted Néel state. The key ingredients are the rapidity densities describing the post-quench steady state that have been determined in Ref. [101] . These are used in the system (IV.1) to extract g n . To make the paper self contained, we report the results for the saddle point densities. The starting point is η 1 (λ), which is given as
where the auxiliary functions φ,φ and T 1 are defined as On the x-axis λ is the rapidity variable. The Néel tilting angle is θ = π/3. Different lines correspond to different strings lengths n. Lines are numerical results using the TBA approach, whereas points denote the analytical conjecture in Ref. [102] .
Here θ denotes the tilting angle. For n > 1, η n (λ) is determined recursively from the Y-system
with the convention η 0 ≡ 0. From the densities η n , the particle densities ρ n are obtained, as usual, by solving the thermodynamic version of the TBA equations (II.15). The driving function g n can be easily extracted numerically by plugging the above root densities in Eq. (IV.1). The results for quenches for the XXZ chain with ∆ = 2 and the quench from the tilted Néel state with tilting angle θ = π/3 are reported in Figure 3 . These results may be compared with the recently conjectured form of the overlaps [102] .. So far, this conjecture has been tested numerically for Bethe states containing few particles, and it has been shown to give the correct thermodynamic macrostate after the quench. The thermodynamic limit of the overlaps in [102] can be written as
where ρ n are the particle densities describing the thermodynamic macrostate and the explicit forms of g n read [102] 
where ξ is related to the tilting angle θ as ξ ≡ − ln(tan(θ/2)). We now compare the driving functions g n as extracted from the TBA equations (IV.1) with the conjectured result in Eq. (IV.8) and (IV.9). The comparison is presented in Figure 3 for the XXZ chain with ∆ = 2 and the quench from the tilted Néel state with tilting angle θ = π/3 (we tested them also for other tilting angles, finding equivalent results that we do not report here). The continuous lines are the numerical results for g n for n ≤ 4 (higher strings are not reported). The different symbols (crosses) are the numerical results using the conjecture (IV.8)-(IV.9). As it is clear from the Figure, if α > α . For all values of α and θ = 0 the entropy densities are finite in the limit ∆ → ∞, in contrast with the quench from the Néel state [100] , where all the entropies vanish for ∆ → ∞. Finally, an intriguing feature is that for θ = π/6 the behaviour of the entropies is not monotonic as a function of ∆, but S (α) exhibits a minimum around ∆ ≈ 5, although the minimum is not very pronounced. This remains true for a window of tilting angle θ close to π/6.
C. The min entropy
We now focus on the steady-state value of the min entropy. Similar to the Néel and dimer states, in the limit α → ∞ one can use the ansatz (ln η n )/α = γ n . The equations for γ n are the same as for the dimer (cf. (III.45)), i.e.,
where now the driving d n is obtained from the driving functions g n for the quench from the tilted Néel as
For the Néel quench, i.e., for θ = 0, there is a "critical" value ∆ * such that for ∆ > ∆ * the thermodynamic macrostate that the describes the min entropy is the ground state of the XXZ chain [100] . For ∆ < ∆ * this is not the case, and the macrostate is an excited state with zero Yang-Yang entropy. The "critical" ∆ * at which the behaviour of the thermodynamic macrostate changes is determined for the Néel state (and for the dimer state as well) by the condition that γ 2 becomes positive. It is natural to investigate how this scenario is modified upon tilting the initial state. Here we show that the macrostate describing the min entropy is the ground state of the XXZ chain provided that the tilting angle θ is not too large.
To clarify this issue, we numerically observed that for large ∆ The conditions in Eq. (IV.12) have important consequences for the particle densities ρ n . In particular, it implies that the macrostate describing the min entropy is the ground state of the XXZ chain. To show that, let us consider the TBA equations for ρ t,n
(IV.13)
First, since ϑ 0 = 0 and ρ 0 = δ(λ), one has that ρ 1 = s, which is the density of the ground state of the XXZ chain. Clearly, the conditions in (IV.12) together with the system (IV.13) imply that ρ 2,t = 0. Another important consequence is that the first two equations in (IV.13) are decoupled from the rest, which form a linear homogeneous system of integral equations. Moreover, for n → ∞ one expects that ρ t,n → 0. Thus, it is natural to conjecture that ρ t,n = 0 for any n > 2. Finally, we observe that a similar decoupling occurs for the quench from the Néel state [100] , although via a different mechanism. Precisely, for the the Néel state one has that γ 2n+1 < 0 for all n. We now use the conditions (IV.12) to characterise the behaviour of the min entropy. Our results are summarised in the "phase diagram" in Fig. 5 . The blue region in the figure corresponds to the region in the parameter space (θ, ∆) where the thermodynamic macrostate describing the min entropy is the ground state of the XXZ chain (at that value of ∆). For θ = 0 we recover the result of Ref. [100] , i.e., that the ground state describes the min entropy for ∆ > ∆ * ≈ 1.766. The ground state remains the correct macrostate for the min entropy in a region of not too large θ. Conversely, for θ 0.1 the macrostate is an excited state of the XXZ at any ∆. However, at smaller θ there is always an extended region where the min entropy is described by the ground state of the XXZ chain. The extension of this region shrinks upon increasing ∆, and it is likely to vanish in the limit ∆ → ∞. The dashed line in Fig. 5 marks the "transition" between the two regimes. The line is obtained by numerically finding the values of (θ, ∆) for which either γ 1 or γ 3 vanish, violating the conditions in Eq. (IV.12).
V. NUMERICAL BENCHMARKS USING TDMRG
In this section we exploit the equivalence between the reduced density matrices in the thermodynamic ensemble (the GGE in our case) and in the long time limit after a quench to provide numerical confirmations of the results of the previous section by means of entanglement entropy dynamics. We employ tDRMG [128] [129] [130] [131] simulations in the framework of the Matrix Product States (MPS) [132] . The tilted Néel state is conveniently constructed by first constructing the Néel state, which admits a simple MPS representation with bond dimension χ = 1. The tilted Néel is then obtained by applying a global rotation site by site, by using the Matrix Product Operator representation of the spin rotation operator exp(iθ i σ the time evolution the bond dimension χ grows. To keep χ reasonably small, at each time step we perform a truncated Singular Value Decomposition (SVD) of each tensor forming the MPS. Specifically, in the SVD we keep the largest χ max singular values, with χ max ≈ 100. For the quenches that we consider we verified that this is sufficient to obtain accurate results up to times t ≈ 10.
Our numerical results are shown in Figure 6 . The left panel shows the second Rényi entropy S Figure) . The fit gives a ≈ 0.23 and a ≈ 0.21 for ∆ = 3 and ∆ = 10, respectively. These results are in excellent agreement with the TBA predictions a ≈ 0.2321 and a = 0.2098 (see Figure 4 for the predictions).
VI. CONCLUSIONS
In this manuscript we studied the Rényi entropies in the stationary state after a quantum quench. As shown in Refs. [97, 100] , in the quench action approach the Rényi entropies are generalised free energy of a macrostate that may be derived from the knowledge of the overlaps of the initial state with Bethe eigenstates. The thermodynamic limit of the overlaps provides the driving term in the TBA formalism. Here we considered the problem of determining the Rényi entropies in a generic thermodynamic macrostate of integrable models, even in those cases when the overlaps are not known. We showed that the needed driving term can be reconstructed starting from the macrostate's particle densities. Then we provided a major simplification of the expression for the generalised free energy that may be rewritten only as a function of the occupation numbers of one-strings, cf. Eq. (III.18) which is a much simpler and manageable formula than the known sum over all string content.
We then studied accurately the stationary Rényi entropies after the quench from the dimer and the tilted Néel states in the XXZ Heisenberg spin chain. For the former initial state we employed the overlap TBA approach, while for the latter we reconstructed the driving terms from the macrostate. The overall results for the dimer states are summarised in Fig. 1 which shows the ∆ and α dependence of the Rényi entropies. We also analysed in details two limits that are analytically tractable, namely ∆ → ∞ and α → ∞. In the Ising limit ∆ → ∞, the result for the Rényi entropies resembles that of free-fermion models, as it should. Deviations from the free-fermion result appear already at the first non trivial order in 1/∆. For the min entropy, i.e. α → ∞, we found that the representative state has vanishing Yang-Yang entropy for arbitrary ∆. We also found a sharp transition of this state at a critical value of ∆ denoted as ∆ * . For ∆ > ∆ * , the representative state contains one-and two-strings only (as a difference with the quench from Néel state where only one-strings matter) while for ∆ < ∆ * the other bound states start being present. When the initial configuration is the tilted Néel state, the results for the Rényi entropies as function of ∆, α, and the tilting angle θ are reported in Fig. 4 . As a main difference with the other cases, the entropies as function of ∆ are not always monotonic, but they may show a minimum for some values of θ. Also in this case we analytically studied the min entropy. We again found that the representative eigenstate has zero Yang-Yang entropy for arbitrary ∆ and θ and that there is a sharp transition line. The resulting "phase diagram" is reported in Fig. 5 : there is a region for small θ where the representative eigenstate is the ground state (and hence only one-strings are present), while in the rest of the phase diagram, other bound states matter. The results presented here (and the ones for the Néel state [100] ) show that rather generically the representative state of the min entropy has zero Yang-Yang entropy. It would be interesting to find out the minimal conditions on the initial state for this property to be generically valid.
Finally, we exploited the equivalence between thermodynamic and entanglement entropies to check by means of numerical simulations the correctness of our results. We found that the numerical data for the Rényi entanglement entropies at large time are perfectly compatible with TBA results for the thermodynamic entropies.
A major problem that remains still open is to characterise the time evolution of Rényi entanglement entropies for generic interacting integrable model, both for homogeneous quenches and quenches from piecewise homogeneous initial states (see [133] for some results). Technically, it is not possible to generalise the semiclassical approach developed for the von Neumann entropy [8, 9] because the Rényi entropies have been written in terms of root distributions which are not the ones of the macrostate describing local properties: only the latter determines the asymptotic spreading of entanglement [8, 9] and correlations [134] . Apart from the per se theoretical interest, this issue is also fundamental for a comparison with cold atom experiments in which only Rényi entropies can be measured [11, [94] [95] [96] .
